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Abstract. We show that there exists a Martin-Löf random degree
which has a strong minimal cover.

1. Introduction

The Turing degree of an infinite binary sequence may be regarded as one
way of measuring its complexity. If an infinite sequence A is of degree below
that of B (denoted A ≤T B) then B is at least as difficult to compute as A
is, and so, is this sense, is at least as complicated. It is a basic and natural
question, then, to ask how the Turing degree of a sequence relates to other
measures of complexity. The study of algorithmic randomness has recently
been a very active area of research and so a fundamental issue with which
we are concerned is as to what can be said about the relationship between
Turing complexity and randomness.

One of the most attractive aspects of the study of algorithmic random-
ness is the wide variety of approaches that may be taken in defining what
it means to be a random sequence. The equivalence of resulting definitions
may be regarded as providing evidence of a natural and robust theory. One
particular approach concerns initial segment complexity. We let 2<ω denote
the set of all finite binary strings. Given any σ ∈ 2<ω we let K(σ) denote
the prefix-free complexity of σ—in other words, the length of the shortest
string which produces σ via a fixed universal prefix-free machine. As always
we identify sets of natural numbers and their characteristic sequences and
for any sequence A and n ∈ ω, we let A � n denote the initial segment of A
of length n. A sequence A is Martin-Löf random if the initial segments of A
have close to maximal complexity. More precisely, A is Martin-Löf random
if there exists a constant c such that (∀n)[K(A � n) ≥ n− c]. At the other
end of the spectrum we say that A is K-trivial if there exists a constant
c such that (∀n)[K(A � n) ≤ K(n) + c] so that the initial segments of A
have the smallest possible complexity (and where we identify each σ ∈ 2<ω

with the natural number n such that the binary representation of n+1 is 1σ).

Much recent research has been concerned with what can be said about
the Turing degrees of Martin-Löf random or K-trivial sets. In his talk at
a meeting in Cordoba in 2004, Kučera drew attention in particular to the
issues surrounding Martin Löf (ML) cuppability.
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Definition 1.1. We let A⊕B denote the infinite sequence C such that for
all n, C(2n) = A(n) and C(2n+1) = B(n). A set A is weakly ML-cuppable
if A⊕ Z ≥T ∅′ for some ML-random set Z 6≥T ∅′. A is ML-cuppable if one
can choose Z <T ∅′.

He raised the question as to which ∆0
2 sets are (weakly) ML-cuppable, and

whether one of these notions is sufficient to characterize K-triviality. Cer-
tainly if a computably enumerable (c.e.) set A is not ML-cuppable then it
is K-trivial and Nies has shown that there exist non-computable c.e. sets
which are not ML-cuppable.

Theorem 1.1. (Nies [AN]) Let Y ∈ ∆0
2 be Martin-Löf random. There

exists a non-computable c.e. (in fact promptly simple) set A such that for
each Martin-Löf random set Z:

Y ≤T A⊕ Z ⇒ Y ≤T Z.

Barmpalias [GB] has shown that in the statement of theorem 1.1 we may
remove the condition that Y should be Martin-Löf random.

We call a degree a Martin-Löf random if it contains a set which is Martin-
Löf random. Let us say that a degree a satisfies the cupping property if for
every b > a there exists c < b with b = a ∨ c. Along the same lines as
those issues discussed above, it seems a very natural question to ask; do all
Martin-Löf random degrees satisfy the cupping property? The main result
of this paper gives a negative answer to this question.

Definition 1.1. A degree b is a strong minimal cover for a if the degrees
strictly below b are precisely the degrees below and including a.

Theorem 1.2. There exists a Martin-Löf random degree which has a strong
minimal cover.

This paper may also be seen as a continuation of the investigation carried
out in [AL] as regards an old question of Yates’.

Question 1.1. (Yates) Does every minimal degree have a strong minimal
cover?

Recall that A ⊆ ω is of hyperimmune-free degree if for every f ≤T A there
exists a computable function h which majorizes f (i.e. such that h(n) ≥ f(n)
for all n) and that A ⊆ ω is of fixed point free (FPF) degree if there exists
f ≤T A such that φn 6= φf(n) for all n, where φn is the nth partial computable
function according to some fixed effective listing. A degree is PA if it is the
degree of a complete extension of Peano Arithmetic.

Theorem 1.3. (Lewis [AL]) All hyperimmune-free degrees which are not
FPF have a strong minimal cover.

Given the similarity between the standard constructions of sets of minimal
and of hyperimmune-free degree, perhaps the strongest result on the negative
side of Yates’ question is the result of Kučera’s that the PA degrees satisfy
the cupping property [AK], implying that there exists a hyperimmune-free
degree with no strong minimal cover. Since all PA degrees are FPF, this
theorem combines with theorem 1.3 to suggest the following question.
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Question 1.2. Do all FPF degrees satisfy the cupping property, or do they
at least fail to have a strong minimal cover?

A positive answer would have been very exciting. Given Kumabe’s con-
struction [MK] of a FPF minimal degree we would then have a negative
solution to Yates’ question together with a complete characterization of the
hyperimmune-free degrees which have a strong minimal cover as those which
are not FPF. Since every random degree is FPF theorem 1.2 provides a neg-
ative solution to question 1.2.

In what follows all notation and terminology will be standard unless ex-
plicitly stated otherwise. For background in computability theory we refer
the reader to [BC] and [RS].

2. The proof of theorem 1.2

We consider the Cantor space 2ω and denote the standard measure on
2ω by µ. Λ ⊆ 2<ω is said to be downward closed if, whenever τ ∈ Λ, all
initial segments of τ are in this set. Given any Λ ⊆ 2<ω we denote by [Λ]
the set of infinite paths through Λ i.e. those sets A such that there are an
infinite number of initial segments of A in Λ. P ⊆ 2ω is a Π0

1 class if there
exists a downward closed computable Λ ⊆ 2<ω such that P = [Λ]. We let
Re denote the eth Π0

1 class i.e. those sets which do not extend any string
in We—and where the elements of We are thought of as elements of 2<ω

according to the effective bijection ω → 2<ω described previously. We let χ
be an effective bijection from ω to the finite subsets of 2<ω and we write λ
in order to denote the string of length 0. Generally we shall use the variable
T to range over subsets of 2<ω which may not be downward closed. Given
any T ⊆ 2<ω and τ, τ ′ ∈ T we say that τ ′ is a successor of τ in T if τ ⊂ τ ′

and there does not exist τ ′′ ∈ T with τ ⊂ τ ′′ ⊂ τ ′. Non-empty T is said to
be 2-branching if each τ ∈ T has precisely two successors in T . The strings
of level n in T are those strings in T which have precisely n proper initial
segments in T . We say that A computes T via Ψ if for every n the strings
of level n in T are precisely the set χ(Ψ(A;n)). Since we shall be interested
in those Turing functionals which compute 2-branching T , we let {Ψe}e∈ω

be an effective listing of all those Turing functionals Ψ which satisfy the
following conditions:

(1) for all σ ∈ 2<ω, Ψ(σ; 0) = m such that χ(m) = {λ};
(2) for n > 0, Ψ(σ;n) is defined only if this computation converges in

< |σ| steps, and Ψ(σ;n′) ↓ for all n′ < n;
(3) for n > 0, if Ψ(σ;n) ↓ then χ(Ψ(σ;n)) is a set of 2n pairwise incom-

patible strings such that precisely two of these strings extend each
member of χ(Ψ(σ;n− 1)).

We let {Φe}e∈ω be an effective listing of all Turing functionals Φ which
satisfy the condition that for all σ ∈ 2<ω and n ∈ ω, Φ(σ;n) is defined only
if this computation converges in < |σ| steps, and Φ(σ;n′) ↓ for all n′ < n.

2.1. The basic framework. Since there exists a Π0
1 class of positive mea-

sure which contains only Martin-Löf random sets it suffices to show that
every Π0

1 class of positive measure contains a set of degree which has a
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strong minimal cover. In fact the latter statement can be seen to be equiv-
alent to theorem 1.2, since Kučera [AK] has shown that every Π0

1 class of
positive measure contains a set of every random degree. In [AL] it was ob-
served that in order that A should be of degree with strong minimal cover
it suffices that this set should satisfy the following condition;

(†) whenever A computes 2-branching T it computes some 2-branching
T ′ ⊆ T such that every B ∈ [T ′] computes A.

In order that this paper should be as self-contained as possible we describe
that proof again here. Let us consider, then, a straightforward approach to
be taken in attempting to construct a strong minimal cover for any given
degree. In doing so, lemma 2.1 will be useful.

Definition 2.1. We say that τ is A⊕-compatible if, for all n such that
τ(2n) ↓, we have τ(2n) = A(n). Two finite strings τ, τ ′ are Φ-splitting if
Φ(τ) and Φ(τ ′) are incompatible. We say that T ⊆ 2<ω is Φ-splitting if
whenever τ, τ ′ ∈ T are incompatible, these two strings are Φ-splitting. We
say that T ⊆ 2<ω is a tree if it has a single element of level 0.

Lemma 2.1. Suppose Φ satisfies the condition that for all τ ∈ 2<ω and
n ∈ ω, Φ(τ ;n) is defined only if this computation converges in < |τ | steps,
and Φ(τ ;n′) ↓ for all n′ < n. If T0 is an A-computable, 2-branching and
Φ-splitting tree, then T1 = {Φ(τ) : τ ∈ T0} is an A-computable and 2-
branching tree. Let T2 be an A-computable and 2-branching subtree of T1.
Then T3 = {τ ∈ T0 : Φ(τ) ∈ T2} is an A-computable and 2-branching
subtree of T0.

Proof. The proof is not difficult and is left to the reader. �

So now let us suppose that we wish to construct a strong minimal cover
for deg(A). In order to do so we must construct B ≥T A and satisfy all
requirements:

Ri : Φi(B) total ⇒ (Φi(B) ≤T A or B ≤T Φi(B));
Pi : B 6= Φi(A).

In order to ensure that B ≥T A we can simply insist that B should be an
A⊕-compatible string. Thus we begin with the restriction that B should lie
on the tree T0 containing all strings of even length which are A⊕-compatible,
an A-computable 2-branching tree.

In order to meet all other requirements we define a sequence of finite
strings {Bs}s∈ω and a sequence of trees {Ts}s∈ω, so that ultimately we may
define B =

⋃
s Bs. We define B0 to be the empty string. Suppose that by

the end of stage s we have defined Bs ∈ 2<ω on Ts, which is an A-computable
2-branching tree, in such a way that if B extends Bs and lies on Ts then
all requirements Ri,Pi for i < s will be satisfied. At stage s + 1 we might
proceed, initially, just as if we were only trying to construct a minimal cover
for A. We ask the question, “does there exist τ ⊇ Bs on Ts such that no
two strings on Ts extending τ are Φs-splitting?”.

If so: then let τ be such a string. We can define Ts+1 = Ts and (just to
make the satisfaction of Ps explicit) define Bs+1 to be some extension of τ
on Ts sufficient to ensure Ps is satisfied.
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If not: then we can define T ′
s to be an A-computable 2-branching Φs-

splitting subtree of Ts having Bs as the single string of level 0—the idea
being that we shall eventually define Ts+1 to be some subtree of T ′

s. If B
lies on T ′

s then we shall have that B ≤T Φs(B) ⊕ A. Of course this does
not suffice, since for the satisfaction of Rs we require that B ≤T Φs(B).
Suppose, however, that we know A satisfies the property (†). Lemma 2.1
then suffices to ensure that we can define Ts+1 to be a subtree of T ′

s which is
an A-computable 2-branching tree, and which satisfies the property that if
B ∈ [Ts+1] then A ≤T Φs(B) so that, since B ≤T Φs(B)⊕A, B ≤T Φs(B).
Then we can define Bs+1 to be an extension of Bs lying on Ts+1 sufficient
to ensure the satisfaction of Ps.

In order to prove theorem 1.2, then, our basic framework is as follows.
We suppose that we are given downward closed and computable Λ ⊆ 2<ω

which defines a Π0
1 class P = [Λ] of positive measure. We show that there

exists A ∈ P which satisfies the requirements:
Qj : if A computes 2-branching T via Ψj then A computes some 2-

branching T ′ ⊆ T such that every B ∈ [T ′] computes A.
Initially we define P0 = P and Λ0 = Λ. For each j, given Pj of positive

measure such that every set in Pj satisfies the requirements Qj′ for j′ < j,
we define Pj+1 ⊆ Pj of positive measure such that every set in Pj+1 satisfies
requirement Qj . Since the Cantor space is compact

⋂
j Pj will then be

non-empty.

2.2. Defining Pj+1. Suppose that we are given Pj = [Λj ] which is of posi-
tive measure and such that Λj is downward closed and computable, and let
us consider how to define Pj+1 = [Λj+1].

The first possibility we have to consider in defining Pj+1 is that, for some
A ∈ Pj , it may be the case that Ψj(A) is partial. It is a familiar technique in
dealing with Π0

1 classes of positive measure, see for example [AK] or [DM],
that we may take a Π0

1 subclass P ′
j ⊆ Pj which is of positive measure and

such that the intersection of P ′
j with any other Π0

1 class is either empty or
is of positive measure.

Lemma 2.2. (Kučera [AK]) Let P be a Π0
1 class such that µ(P) > 0. Then

there exists a Π0
1 subclass P ′ ⊆ P and a computable function g : ω → ω

such that µ(P ′) > 0 and:

(∀e)[P ′ ∩Re 6= ∅ ⇒ µ(P ′ ∩Re) > 2−g(e)].

A particularly simple proof of lemma 2.2 is provided in [DM]. In order to
deal with the potential partiality of Ψj we begin by supposing given P ′

j ⊆ Pj

as provided by lemma 2.2 such that P ′
j = [Λ′

j ] for some downward closed
computable Λ′

j , and we then proceed to ask the following question:
(?) Does there exist A ∈ P ′

j and n ∈ ω such that Ψj(A;n) ↑?
In the case that (?) receives a positive answer we can just define Λj+1 to
be the set of all σ ∈ Λ′

j such that Ψj(σ;n) ↑. Since Pj+1 = [Λj+1] has
non-empty intersection with P ′

j it is of positive measure.
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So let us suppose that (?) is answered in the negative. Thus Ψj(A) is
total for all A ∈ P ′

j . The next thing we do is to perform a certain ‘tidying’
operation. The problem at the moment is that if T is computed by A ∈ P ′

j

via Ψj , then different strings of the same level in T may be of different
lengths. Of course, different strings of the same level but in different T
(corresponding to different A ∈ P ′

j) may also be of different lengths, and
for any n the shortest σ ⊂ A such that Ψj(σ;n) ↓ may vary with different
values of A. The argument that follows will be much simpler if we can
remove these complications. Thus we define two computable functions h, l
and a Turing functional Ξ0, and the point in doing so is to replace each T
which is computed by A ∈ P ′

j via Ψj , with 2-branching T ′ which A computes
via Ξ0 and such that the downward closure of T ′ is a subset of the downward
closure of T . We define Ξ0 in such a way that all the various T ′ will satisfy
the convenient property that the strings of level n in T ′ are of length l(n).
The role of h(n) is to specify the length of the strings σ on which we define
Ξ0(σ;n). Since it is not difficult to see that we can define these functions,
the particular details of how we do so are not important. We give the details
for the sake of completeness.

Ξ0, h and l are defined by recursion. We define h(0) = l(0) = 0 and
Ξ0(λ; 0) = χ−1({λ}). Now suppose we are given h(n), l(n) and that Ξ0(σ;n)
is defined for all σ ∈ Λ′

j of length h(n). Let m be greater than l(n) and find
m′ > h(n) such that for every σ ∈ Λ′

j of length m′, Ψj(σ;m) ↓. The point so
far is just this; for every σ ∈ Λ′

j of length m′ and every τ ∈ χ(Ξ0(σ;n)) there
must be at least two incompatible strings in χ(Ψj(σ;m)) which extend τ .
The remaining problem is that these strings may split below many different
lengths. So define l(n + 1) to be the length of the longest string in any of
the sets χ(Ψj(σ;m)) for σ ∈ Λ′

j of length m′. Find m′′ > m′ such that
for every σ ∈ Λ′

j of length m′′, Ψj(σ; l(n + 1)) ↓—the point being that all
the strings in χ(Ψj(σ; l(n + 1))) must be of length at least l(n + 1). Define
h(n + 1) = m′′ and for each σ ∈ Λ′

j of length m′′ define Ξ0(σ;n + 1) to be
equal to some d such that χ(d) is a set of 2n+1 pairwise incompatible strings
of the form τ � l(n+1) for τ ∈ χ(Ψj(σ; l(n+1))), with precisely two strings
extending each member of χ(Ξ0(σ;n)).

In order to ensure that every A ∈ Pj+1 satisfies requirement Qj we shall
construct Φ and Ξ1 such that if A ∈ Pj+1 computes T ′ via Ξ0 then A com-
putes 2-branching T ′′ ⊆ T ′ via Ξ1 and for every B ∈ [T ′′] we have Φ(B) = A.
We let k be a computable function such that Σn>02−k(n) < µ(P ′

j). We shall
describe a computable process such that at each step in the process various
clopen sets of strings are removed from P ′

j in order to define Pj+1. At step
n ≥ 1 we shall remove measure at most 2−k(n) from P ′

j , so that Pj+1 which
is the set of strings in P ′

j which are not removed at any step of the process,
will be of positive measure. The point of this process is to define Ξ1 and
Φ, and the strings we remove from P ′

j are those strings on which we are
not able to define these values in an appropriate way. At each step n in the
process we shall look to define the strings of level n in T ′′ which is computed
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via Ξ1, and for each string τ of level n in T ′′ we shall look to define Φ(τ ;n−1).

First we define Ξ1(λ; 0) = χ−1({λ}). At step 1, in order to define Φ on
argument 0 and Ξ1 on argument 1, we shall choose some large m and then
enumerate axioms of the form Φ(τ ; 0) = i ∈ {0, 1} for τ in χ(Ξ0(σ;m)) with
σ of length h(m). If for each σ of length h(m) there exist sufficiently many
corresponding τ (i.e. τ ∈ χ(Ξ0(σ;m))) on which we can enumerate axioms
for Φ because we have chosen m which is sufficiently large, then we shall be
able to ensure that the proportion of the σ of length h(m) in Λ′

j for which
there exist at least two corresponding τ for which we enumerate the axiom
Φ(τ ; 0) = σ(0) is greater than 1− 2−k(1). Thus the measure of those strings
which extend some σ of length h(m) in Λ′

j for which there do not exist at
least two corresponding τ for which we enumerate the axiom Φ(τ ; 0) = σ(0)
is less than 2−k(1). At this point we remove all strings extending such σ
from P ′

j and in doing so we remove measure at most 2−k(1). Let Π0 be the
set of strings in Λ′

j of length h(m) which remain. For each σ in Π0 we can
define Ξ1(σ; 1) to be (the code for) a set of two strings in χ(Ξ0(σ;m)), each
of which correctly computes σ(0) via Φ. For all those strings σ of length
h(m) that remain, then, we have successfully defined T ′′ which σ computes
via Ξ1 up to level 1 and for all strings τ of level 1 in T ′′, Φ(τ) correctly
computes σ on argument 0.

We then proceed to define Φ on argument 1, Ξ1 on argument 2 and Π1.
We choose m′ sufficiently large and then enumerate axioms of the form
Φ(τ ; 1) = i ∈ {0, 1} for τ in χ(Ξ0(σ;m′)) with σ of length h(m′) and extend-
ing some string in Π0. If for each σ of length h(m′) there exist sufficiently
many corresponding τ , then we shall be able to ensure that the proportion of
the σ of length h(m′) extending some string in Π0 such that for each string
τ in χ(Ξ1(σ; 1)) there exist at least two strings τ ′ ⊃ τ in χ(Ξ0(σ;m′)) for
which we enumerate the axiom Φ(τ ′; 1) = σ(1), is greater than 1 − 2−k(2).
So let Π1 be the set of those σ of length h(m′) for which this condition
holds. We can then remove all those elements of P ′

j which do not extend
a string in Π1 and the measure of the elements removed will be less than
2−k(2). For the strings σ in Π1 we can define Ξ1(σ; 2) to be (the code for)
a set of four pairwise incompatible strings each of which correctly computes
σ(1) via Φ, and such that precisely two of these strings extend each element
of χ(Ξ1(σ; 1)). Then we proceed by induction in the obvious way.

Hopefully it is clear, then, why we must insist that each Pj is of positive
measure. The argument outlined above relies on the fact that if we remove
a set of small measure from P ′

j at each step of the process then Pj+1 will be
non-empty.

Lemma 2.3. Let X and Y be finite sets and suppose that m2 > m1 + 1.
Suppose that for each y < 2m1 and for each a ∈ X, fy(a) is a subset of Y of
size 2m2 , and that to each element of X is associated a ‘colour’ either 0 or 1.
Then we may colour each element of Y either 0 or 1 so that the proportion
of a ∈ X for which it is the case that for every y < 2m1 there exist at least
2 elements of fy(a) which are the same colour as a is at least:
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1− 2m1+1

2m2−1
.

Proof. Before proving the lemma let us consider its meaning. In the first
step of the procedure outlined above we looked to define Ξ1 on argument
1 and Φ on argument 0. With this in mind, consider the statement of the
lemma in the case that m1 = 0. Think of m2 as being the value m used
in the description of this first step of the procedure. Think of X as the set
of strings σ ∈ Λ′

j of length h(m). For each σ ∈ X think of f0(σ) as being
χ(Ξ0(σ;m)). Think of Y as the union of all sets of strings χ(Ξ0(σ;m)) such
that σ is in X. The colour given to an element of X should be thought of
as the value σ(0). The colour given to elements of Y corresponds to the
axioms we enumerate for Φ. In this case the lemma tells us precisely what
we need to know—that if we choose m which is sufficiently large, then we
shall be able to ensure that the proportion of the σ of length h(m) in Λ′

j for
which there exist at least two τ ∈ χ((Ξ0(σ;m)) for which we enumerate the
axiom Φ(τ ; 0) = σ(0) is greater than 1− 2−k(1).

Now consider step n + 1 of the procedure and put m1 = n. We have
already defined Πn−1 and for each string σ ∈ Πn−1, χ(Ξ1(σ;n)) is a set
of 2n pairwise incompatible strings. We wish to choose some large m′ and
enumerate axioms for Ξ1 on the strings in Λ′

j which extend some string in
Πn−1 and which are of length h(m′). Let h(m) be the length of the strings
in Πn−1 and think of m2 as m′−m. Think of X as the set of strings σ ∈ Λ′

j

of length h(m′) which extend some string in Πn−1. For each y < 2n and
each σ ∈ X think of fy(σ) as the set of strings in χ(Ξ0(σ;m′)) which extend
the yth element of χ(Ξ1(σ;n)) (ordered from left to right, say). Think of Y
as the union of all these sets fy(σ) such that σ ∈ X and y < 2n. The colour
given to an element σ of X now corresponds to the value σ(n). Once again
the lemma now tells us precisely what we need to know—if we choose m′

large enough then we shall be able to ensure that the proportion of the σ of
length h(m′) in Λ′

j extending some string in Πn−1 such that for each string
τ in χ(Ξ1(σ;n)) there exist at least two strings τ ′ ⊃ τ in χ(Ξ0(σ;m′)) for
which we enumerate the axiom Φ(τ ′;n) = σ(n), is greater than 1−2−k(n+1).

In order to prove the lemma, we first we prove something simpler. Let X
and Y be finite sets such that to each element of X is associated m elements
in Y and a ‘colour’ either 0 or 1. Then we may colour each element of Y
either 0 or 1 in such a way that the proportion of those elements a of X for
which there exists at least one associated element of Y which is the same
colour as a, is at least m/(m + 1).

In order to show that this is the case we describe a method for colouring
the elements of Y which we shall refer to as the ‘standard method’.

Stage 0. Define X0 = X and Y0 = Y .

Stage s + 1. For each element b of Ys and each i ∈ {0, 1} let zi(b) be
the number of elements of Xs associated with b and which are coloured i.
Choose any b ∈ Ys, let i be such that zi(b) is largest (and just choose i if
z0(b) = z1(b)) and give b the colour i. Define Ys+1 = Y − {b} and define
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Xs+1 to be the elements a of X for which is not yet the case that there exists
at least one associated element of Y which is the same colour as a.

In order to see that this procedure does what it is supposed to we consider
two counters Y IN and Y ANG. Initially Y IN = Y ANG = 0. Whenever
we give a colour i to an element b of Y we increase Y ANG by zi(b) and
we increase Y IN by z1−i(b). Let Y IN and Y ANG take their final values.
The number of elements a of X for which there exists at least one associated
element of Y which is the same colour as a is precisely the final value Y ANG.
For each element a of X for which there is not an associated member of Y of
the same colour, we must increase the value Y IN by m, in order to rule out
correctly colouring each of the m elements of Y with which a is associated.
Thus the number of elements a of X for which there does not exist at least
one associated element of Y which is the same colour as a is at most Y IN/m.
Since Y IN ≤ Y ANG the result follows.

Now suppose given X and Y as in the statement of the lemma. We
describe a method for colouring Y which we call the ‘special method’. First
we form a set X ′ by replacing each element a of X with 2m1+1 distinct
elements which are given the same colour as a and which are divided into
2m1 pairs. The first element of the yth pair for each y < 2m1 , we associate
with 2m2−1 elements of fy(a) and the second element of the pair we associate
with the remaining elements of fy(a). Then we colour Y according to the
standard method for X ′ and Y .

Let’s say that the colouring is good for a ∈ X ′ if there exists at least one
associated member of Y with the same colour as a. The total number of
elements in X ′ is 2m1+1 X . Since each element of X ′ is associated with 2m2−1

elements of Y it follows from the argument above that the total number of
elements a of X ′ such that the colouring is not good for a is at most:

2m1+1 X

2m2−1 + 1

The elements of X ′ are divided into 2m1 X pairs. Let us say that the
colouring is good for a pair if it is good for both elements of the pair. Now
the total number of pairs for which the colouring is not good can be at most
the number of a ∈ X ′ such that the colouring is not good for a. Let us say
that the colouring is good for a ∈ X if the colouring is good for every one of
the 2m1 pairs which replaced a in forming X ′. The total number of a ∈ X
for which the colouring is not good can be at most the number of a ∈ X ′

such that the colouring is not good for a. Thus the proportion of a ∈ X for
which the colouring is not good is at most:

2m1+1

2m2−1 + 1

The proportion of a ∈ X for which the colouring is good is therefore at least:

1− 2m1+1

2m2−1 + 1
≥ 1− 2m1+1

2m2−1

�
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The formal definition of Φ and Pj+1. First we define Ξ1(λ; 0) = χ−1({λ}).
In order to define Φ on argument 0 and Ξ1 on argument 1, we simply choose
m such that 1−(2/2m−1) > 1−2−k(1). We define X to be the strings σ in Λ′

j

of length h(m). We define m1 = 0, m2 = m. We define f0(σ) for each σ ∈ X
to be the set of strings χ(Ξ0(σ;m)) and we define Y =

⋃
σ∈X f0(σ). To each

element σ of X we associate the colour σ(0) and we use the special method in
order to colour Y . Whenever τ ∈ Y is coloured with i ∈ {0, 1} we enumerate
the axiom Φ(τ ; 0) = i. At this point we also make the following definitions.
We define Π0 to be the σ ∈ Λ′

j of length h(m) for which there exist at least
two τ ∈ χ(Ξ0(σ;m)) with Φ(τ ; 0) = σ(0) and for each such σ we choose two
such τ , let’s call them τ0 and τ1, and we define Ξ1(σ; 1) = χ−1({τ0, τ1}). We
define the strings in Λj+1 of length ≤ h(m) to be those strings which are
initial segments of some σ ∈ Π0 and we define d(0) = m—here d is just an
auxiliary function which is useful. Note that in defining Pj+1 = [Λj+1] from
P ′

j we have so far removed a set of measure at most 2−k(1).

Now let us suppose that we wish to define Φ on argument n, and that
we have defined Πn−1, Ξ1(σ;n) for all σ ∈ Πn−1 and d(n − 1). In order to
define Φ on argument n we put m1 = n, and we choose m2 sufficiently large
such that:

1− 2m1+1

2m2−1
> 1− 2−k(n+1).

Putting m′ = d(n− 1) + m2 we define X to be the strings σ in Λ′
j which

extend a string in Πn−1 and which are of length h(m′). For each σ in X
and for each y < 2n we define fy(σ) to be the set of strings in χ(Ξ0(σ;m′))
which extend the yth element of χ(Ξ1(σ;n)) (ordered from left to right say)
and we define Y =

⋃
σ,y fy(σ). To each element σ of X we associate the

colour σ(n) and we use the special method in order to colour Y . Whenever
τ ∈ Y is coloured with i ∈ {0, 1} we enumerate the axiom Φ(τ ;n) = i. We
define Πn to be the σ ∈ Λ′

j of length h(m′) extending some string in Πn−1

and for which it is the case for every τ ∈ χ(Ξ1(σ;n)) that there exist at
least two incompatible extensions τ ′ ∈ χ(Ξ0(σ;m′)) with Φ(τ ′;n) = σ(n),
and for each such σ we choose two such τ ′ for each τ ∈ χ(Ξ1(σ;n)) and we
define Ξ1(σ;n+1) to be equal to x such that χ(x) is this set of 2n+1 strings.
We define the strings in Λj+1 of length l with h(d(n − 1)) < l ≤ h(m′) to
be those strings which are initial segments of some σ ∈ Πn and we define
d(n) = m′. Note that in defining Φ on argument n we have removed a set
of measure at most 2−k(n+1) from P ′

j .

There is just one small task which remains. The (very minor) problem at
the moment is that if A ∈ Pj+1 computes T via Ψj and computes T ′′ via Ξ1

then every set in T ′′ computes A and [T ′′] ⊆ [T ] but we do not necessarily
have that T ′′ ⊆ T . This is easily remedied. We define an appropriate
functional Ξ2 which will compute the tree required. Given an oracle for A
this is how one may compute Ξ2(A). We have Ξ2(A; 0) = χ−1({λ}). Once
we have defined Ξ2(A;n), in order to define Ξ2(A;n + 1) we enumerate T ′′

and T until for each τ in Ξ2(A;n) we see two incompatible strings τ ′ in T



A RANDOM DEGREE WITH STRONG MINIMAL COVER 11

which extend τ and which are extended by strings in T ′′. Let Π be this set
of τ ′ and define Ξ2(A;n + 1) = χ−1(Π).

3. Final remarks.

The forcing argument described here can easily be combined with the
standard technique for constructing A of hyperimmune-free degree. Suppose
that we wish to act in order to ensure that either Φe(A) is not total or is
majorized by a computable function. Given Pj of positive measure we take
P ′

j = [Λ′
j ] as provided by lemma 2.2. Then we ask; does there exist A ∈ P ′

j

and n ∈ ω such that Φe(A;n) ↑? In the case that this question receives
a positive answer we can just define Λj+1 to be the set of all σ ∈ Λ′

j such
that Φe(σ;n) ↑. Since Pj+1 = [Λj+1] has non-empty intersection with P ′

j

it is of positive measure. If this question receives a negative response then
the standard argument suffices to show that for any A ∈ P ′

j there exists a
computable function which majorizes Φe(A). In this case we may therefore
define Pj+1 = P ′

j . We therefore have:

Theorem 3.1. There exists a hyperimmune-free degree which is random
and which has a strong minimal cover. In particular, the hyperimmune-free
degrees with strong minimal cover cannot be characterized as those which
are not FPF.
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